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Introduction
An understanding of the dynamic response of ceramics, rocks, and minerals is of importance to numerous applications in geophysics, mechanical engineering, and structural engineering. For example, models of the high rate response of ceramics are used in design and assessment of protection systems in military/defense applications, and models of the high pressure and impact response of rock are used to describe certain mining operations and to infer information regarding planetary collisions. Systematic experimental studies of the mechanics of such brittle solids subjected to high pressure loading have been undertaken since the middle of the previous century (Ahrens and Gregson, 1964; Murrell, 1965) . Under tensile-dominated loading (e.g., bending), because of their relatively low ductility, typical ceramics and minerals can be modeled using linear elasticity and linear elastic fracture mechanics. In contrast, under high confining pressure, large deviatoric stresses can be sustained, and inelastic deformation mechanisms such as limited plastic slip, twinning, phase transformations (including amorphization and melting), fragmentation, pore collapse, and shear-induced bulking can all become important depending on the particular material and loading regime (Zurek and Meyers, 1996) . For strong solids under shock loading, the deviatoric response may be nonnegligible, in contrast to pure ductile metals whose strength response may often be inconsequential relative to the pressure response in the strong shock regime. For the former class of materials, consideration of anisotropy becomes imperative for single crystals and textured polycrystals (Fowles, 1967; Graham and Ahrens, 1973; Leroux et al., 1999) .
A brief discussion of some prior micromechanically inspired macroscale models for brittle polycrystals is given here; a complete review of the vast literature on this subject is outside the scope of the present article. In some cases, a viscoplastic theory is used throughout the analysis to address straining associated with distributions of cracks and voids (Addessio and Johnson, 1990; Steinberg, 1991; Clayton, 2008 Clayton, , 2010b Zubelewicz et al., http://dx.doi.org/10.1016/j.ijsolstr.2015.03.024 0020-7683/Published by Elsevier Ltd. 2014). A typical approach in such continuum models involves an elasticity model with moduli degrading with cumulative crack density, with the description transitioning to a pressure-sensitive granular flow model for inelasticity when damage becomes severe (Rajendran, 1994; Rajendran and Grove, 1996; Deshpande et al., 2011; Tonge and Ramesh, submitted for publication) . Most prior computational models are elastically and plastically isotropic (Addessio and Johnson, 1990; Steinberg, 1991; Clayton, 2008) . However, models incorporating mechanics of crack opening and sliding on discrete planes naturally enable anisotropy of inelastic deformation (Moss and Gupta, 1982; Curran et al., 1993; Espinosa, 1995; Espinosa et al., 1998; Bazant et al., 2000) . While most early models have been deterministic, recent approaches have considered statistical heterogeneity via probabilistic descriptions of material failure (Leavy et al., 2010 (Leavy et al., , 2013 Tonge et al., 2013 ; Tonge and Ramesh, submitted for publication; Tonge, 2014) . Elasticity, including possible effects of crack density on shear modulus and dynamic equations for crack growth (Rajendran, 1994; Espinosa, 1995; Ravichandran and Subhash, 1995) , is almost always linear in the absence of damage. However, a nonlinear equation-of-state relating volume, pressure, and temperature is often used for the overall bulk response at large compression (Steinberg, 1991; Rajendran, 1994; Zubelewicz et al., 2014) . While some approaches can account for finite strain and finite rotation (Espinosa et al., 1998 ; Tonge and Ramesh, submitted for publication), higher-order elastic constants associated with nonlinear elasticity are almost always omitted. Furthermore, initial elastic anisotropy is almost always neglected, a poor assumption for single crystals or strongly textured polycrystals such as poled ceramics. Identification of the relative importance and temporal sequence of local deformation mechanisms (e.g., micro-cracking, dislocation slip, twinning, phase transitions, and/or localization) occurring in impact experiments remains problematic; simulation results from mesoscale models in which individual grains and grain boundaries are resolved explicitly can provide some such information for refinement of macroscale models for polycrystals (Clayton, 2005a,b; Foulk and Vogler, 2010; Clayton et al., 2012; Leavy et al., 2013) .
Recent work has evaluated various nonlinear elastic potentials for use in modeling the shock response of strong solids. In Clayton (2013a) , as an alternative to the usual Green strain used most often in nonlinear elastic and elastic-plastic theories of crystal mechanics , the Eulerian material strain was advocated for its accuracy and intrinsic stability (Clayton and Bliss, 2014 ) under large compression and shear. In Clayton (2014a) , the material logarithmic strain was shown to be equally, if not more, accurate than Eulerian material strain for describing shock compression of single crystals of diamond, sapphire, and quartz. In Clayton (2014b) , the logarithmic strain was found accurate for modeling the shock response of the isotropic polycrystalline ceramic titanium diboride. In these prior works, inelasticity was restricted to be volume-preserving, i.e., isochoric. In the current work, the logarithmic elasticity approach is newly extended to elastically and plastically anisotropic polycrystalline solids, and the inelastic response can involve changes in volume (dilatation or compaction important in rocks Brace et al., 1966 and ceramics Curran et al., 1993) as well as shape. The material of interest for the present application of the theory is polycrystalline boron carbide, whose complex shock response has heretofore defied complete understanding (Bourne, 2002; Grady, 2010 Grady, , 2011 Clayton, 2012a) . Specifically, cleavage fracture and stress induced amorphization are thought to be important mechanisms in the shock response; dislocations and micro-twins have been observed, though their mobility appears limited. Both boron carbide and yttrium aluminum garnet are thought to undergo transition to a disordered phase (e.g., amorphization related to Born instability Born, 1940) upon unloading from finite compression (Liu and Vohra, 1994; Yan et al., 2009; Goel et al., 2010) . Stress induced amorphization, often in the form of planar bands of glassy material, has also been observed in a number of silicate crystals, including zircon, quartz, feldspar, and diopside (Leroux et al., 1999) . Of particular relevance is the anticipated dynamic performance of poled boron carbide (Grasso et al., 2011 ) that requires anisotropic elastic-plastic theory to account for its strong initial texture.
This paper is outlined as follows. A new constitutive theory is described in Section 2, including finite deformation kinematics, balance laws and thermodynamics, and defect kinetics. General solutions to the planar impact problem are discussed in Section 3, including nonlinear elastic (i.e., precursor) and elastic-damage-plastic response. Application of the model towards the dynamic response of boron carbide is described in Section 4, including material properties, parameter determination, and corresponding solutions for shock compression. Conclusions follow in Section 5. Notation of continuum mechanics is used: vectors and higher-order tensors in bold, scalars and scalar components in italics, and summation over repeated indices (subscripts) referred to Cartesian coordinates when index notation is invoked.
General theory
A general continuum theory for the nonlinear anisotropic response of brittle materials is described next. The constitutive description accounts for thermoelasticity and inelasticity, significantly extending a model for strong single crystals developed in Clayton (2014a) to include inelastic volume changes and internal state variables representative of polycrystalline damage mechanisms (e.g., fractures and porosity at grain boundaries). The extensive description in this paper of the thermodynamic framework couched in the locally stress-free intermediate configuration of the body significantly expands on and enhances prior theoretical work.
Kinematics
The motion of material point X at time t in a solid body is described by the differentiable mapping x ¼ xðX; tÞ:
ð2:1Þ
Let r 0 and r denote material and spatial gradient operators. The deformation gradient is the two-point tensor F, decomposed multiplicatively into a product of terms as
where determinants associated with volume changes obey
4Þ
Terms entering (2.2) physically describe the following phenomena:
F: total deformation gradient, obeys compatibility conditions (Clayton, 2014c, in press ) and grain boundaries (Clayton and McDowell, 2003a; Clayton and McDowell, 2003b) .
Let V 0 ; V, and V denote the volume of a material element in its initial, elastically unloaded, and current configurations, respectively.
V denote the volume change due to defects (e.g., the porosity or void volume fraction). Then
Balance laws and thermodynamics
Considered in what follows next are relations for continuous bodies, in the absence of discontinuities; jump conditions associated with shock waves will be considered later. Let q 0 ; q, and q denote mass densities in reference, intermediate, and current configurations. Mass conservation requires
ð2:13Þ
The usual continuum balances of linear and angular momentum apply, with b the body force per unit mass:
Letting u denote internal energy per unit mass, q the spatial heat flux vector, and r the scalar heat supply per unit mass, the usual continuum balance of energy is
ð2:15Þ
Let g denote entropy per unit mass, h temperature, and w ¼ u À hg Helmholtz free energy per unit mass. The dissipation inequality can be expressed as either of q _ g P Àr Á ðq=hÞ þ qr=h; r : rt À ðq Á rhÞ=h P qð _ w þ _ hgÞ:
ð2:16Þ
It proves useful to formulate constitutive laws in the locally relaxed intermediate configuration of the body which serves as the reference state for instantaneous thermoelastic response Rice, 1971; Scheidler and Wright, 2001 
Define the intermediate gradient operators
r andr (Clayton, 2012b; Clayton, 2014d) (Clayton, 2012b (Clayton, , 2014d 
local balance of energy (2.15) can be mapped to the intermediate configuration as
ð2:23Þ
The Mandel stress tensor is (Regueiro et al., 2002) 
Similarly, letting H denote a version of the Eshelby stress tensor (Clayton et al., 2004; Clayton et al., 2006) , the entropy inequality in the second of (2.16) can be mapped as (Clayton, 2009 
Denote by fng a set of internal state variables associated with microstructure. As will be defined explicitly later, fng may include, but is not limited to, crack density scalar D and tensors D ðkÞ (Grechka and Kachanov, 2006) , residual volume change (e.g., porosity change) u (Clayton and McDowell, 2003b) , dislocation line density and twin boundary area density (Clayton, 2009) , and amorphized volume fraction (Clayton, 2014e) . Depending on the particular material and loading protocol, each of these variables may affect free and internal energy of the (poly) crystal via effects on tangent elastic moduli and/or residual energy stored in the crystal lattice. The following functional forms of thermodynamic potentials thus apply: U ¼ Uðe; N; fng; XÞ;
W ¼ Wðe; h; fng; XÞ:
ð2:26Þ
Explicit dependence on X is included to permit heterogeneous properties, for example anisotropic thermoelastic properties may vary with position if texture gradients exist. Using (2.9), the material time derivative of the free energy is
Substituting (2.27) into (2.25) results in
Assuming time rates of thermoelastic state variables e and h can be varied independently of each other and their multipliers, the following constitutive relations and reduced dissipation inequality are deduced:
ð2:31Þ
Nh; h ¼ hðe; N; fng; XÞ; ð2:32Þ
it follows from (2.29) and (2.30) that
Define the specific heat per unit volume at constant elastic strain c, thermal stress coefficients b, and Grüneisen's tensor C as
Expanding material time derivatives of internal energy and entropy leads to
energy balance (2.23) can be reduced to the temperature rate equation 
ð2:37Þ
Expanding the anholonomic covariant derivative of PðF E ; N; fng; XÞ, the balance of linear momentum in the first of (2.21) can be written as AÁ :
where A is an isentropic tangent elastic modulus and p an inhomogeneity force:
Consider an isentropic thermoelastic process
Under the same conditions define the fully symmetric spatial tangent modulus B:
ð2:42Þ
T denote increments in applied deformation gradient and spatial strain. Intrinsic elastic stability under all-around dead loading requires (Clayton, 2012a (Clayton, , 2013a Clayton and Bliss, 2014) 
Intrinsic elastic stability under controlled Cauchy stress requires (Clayton, 2012a (Clayton, , 2013a Clayton and Bliss, 2014) dr :
The latter stability requirement is revisited later in Section 3.1 in the context of localization or amorphization criteria for (poly) crystals (Clayton, 2012a; Clayton, 2012b; Born, 1940; Hill, 1975; Morris and Krenn, 2000) .
Internal energy polynomial
Henceforth, an internal energy-based theory is implemented for use in shock physics applications. 
Prescribing specific heat c ¼ c 0 ¼ constant, thermal energy is (Clayton, 2013a) h
Scalar functionf accounting for defects and heterogeneities remains to be specified for particular materials of interest. Using (2.45) in (2.34), stress and temperature are found as
ð2:49Þ
Energy (2.45) can easily be extended to include terms of up to any order, e.g., fourth-order elastic constants and higher-order Grüneisen parameters (Clayton, 2014a) .
Kinetics of inelastic deformation and defects
From (2.31), internal dissipation (i.e., that distinct from heat conduction) can be quantified as
where the deviatoric part of the Mandel stress and Eshelby-type pressure conjugate to porosity are, respectively,
Extending the theoretical framework in Rice, 1971 , kinetic relations for inelastic rates and internal variable evolution are of the suggested general functional forms (Addessio and Johnson, 1990; Steinberg, 1991; Curran et al., 1993; Clayton, 2014b) , wherein frictional resistance to crack face sliding and particulate flow can increase with pressure. Dilatation or compaction represented by an increase or decrease in u can likewise depend on deviatoric stress (e.g., free volume between comminuted grains linked to frictional resistance) as well as conjugate pressure p (e.g., pore expansion or collapse) (Curran et al., 1993; Tonge and Ramesh, submitted for publication). Temperature dependence (here via h) of potential slip and twinning mechanisms becomes important at high temperatures in many minerals and ceramics, for example dislocations can become mobile at high temperatures in alumina and silicon carbide (Clayton, 2009; Clayton, 2010a) .
Planar impact
The general framework of Section 2 is now specialized to conditions pertinent to high-rate impact loading as occurs in planar impact experiments. A number of simplifying assumptions are invoked such that the model incorporates as few fitting parameters as possible, adhering to the assertion (Wallace, 2003) that ''fewer parameters means better physics''. Though the model that follows is later applied specifically to study the dynamic high pressure response of boron carbide, many features apply somewhat universally to brittle ceramic and geologic materials.
Three-regime constitutive model
Under conditions of impact loading, the framework of Section 2 is now applied as a (nonlinear) elasticity model with moduli degrading with increases in cumulative crack density; the description then transitions to a granular flow model for inelasticity when damage reaches a threshold of severity (Rajendran, 1994; Rajendran and Grove, 1996; Deshpande et al., 2011; Ramesh, submitted for publication). The state of the material can be assigned to one of three regimes depending on the degree of damage sustained:
Regime I, elastic response, effectively no effect of damage on the observed response, material retains its initial anisotropy, if present. Regime II, fracture response, local fractures degrade the effective elastic moduli, material proceeds to lose any initial anisotropy, if present. Regime III, granular response, crack percolation results in comminuted particulate material with fully degraded moduli, material consists of particles of numerous random orientations and is now effectively isotropic.
When subjected to impact loadings of increasing longitudinal shock stress P, the material transitions through all three regimes as its volume ratio J is reduced, as shown in Fig. 1 . As reproduced from Grady (1998) in Fig. 1(a) , a shock of sufficient magnitude results in a characteristic velocity profile that reflects the existence of all three regimes (Regime I = Elastic shock; Regime II = Fracture nucleation and growth; Regime III = Hugoniot state). Following Fig. 1 (b) from right to left, a characteristic Hugoniot stress-versus-volume curve obtained from numerous experiments includes the following values of P: the HEL stress P H , the longitudinal stress at peak shear strength P P , and the stress upon completion of the transition to granular flow P G .
The three-regime constitutive model for dynamic compression and failure of brittle solids is based primarily on physical observation rather than pure speculation. The three regimes (elastic, fracturing, and comminuted) shown in Fig. 1(a) have been consistently inferred from wave profile data on numerous ceramic and rock materials (Grady, 1998) . While such inference from line profiles alone may inherently require some degree of speculation, direct or in situ recordings of the sequence of elasticity to micro-cracking to particulation have been recorded or noted for other experimental configurations applied to compression of boron carbide ceramics (Paliwal and Ramesh, 2007; Chocron et al., 2012) . Polycrystalline samples recovered from ballistic impact testing demonstrate a progression from comminuted material closest to the impact site to regions of cracked but generally intact ceramic farther away (Curran et al., 1993; LaSalvia et al., 2007) . More recently, in situ recordings of ballistic impact on various brittle solids at the Advanced Photon Source (Ramos et al., 2014) have verified similar physical events incorporated in the present model framework. The Hugoniot curve shown in Fig. 1(b) is consistent with data presented in Grady (1998) and, in particular, data for boron carbide (Vogler et al., 2004) analyzed later in Section 4. It is important to note that the Hugoniot curve depicts the locus of shocked states achieved in multiple experimental events; in any single experiment, the material stress-volume response need not follow this curve. Rather, the stress-deformation behavior for a shock compression event obeys the Rayleigh line equations consistent with the Rankine Hugoniot conditions [see later (3.37) and (3.39), for example]. In this paper, when reference to a transition from one regime to the next is made, it is often implicitly understood that such a transition is associated with shocks of increasing magnitude rather than states achieved sequentially in a single uniaxial strain test.
The kinematic description of Section 2.1 applies as follows. In
Regime I, logically all deformation is thermoelastic, i.e.,
Regime II, all deformation is also treated as thermoelastic
, with micro-crack sliding and opening reflected implicitly via increases in effective compliance commensurate with increasing damage. In Regime III,
However, since the fully comminuted material is isotropic and subjected to uniaxial strain loading (here in the X 1 direction) under planar impact, the deformation gradient takes the following simple matrix form (Germain and Lee, 1973; Perrin and Delannoy-Coutris, 1983; Clayton, 2014b) : particles; c is a scalar measure of the magnitude of such deformation. Term J ¼ 1=ð1 À uÞ accounts for inelastic volume changes, where for dilatation (expansion), u > 0. Most generally, u could be positive or negative, the latter case arising if collapse of an initially present distribution of pores occurs. Herein, since the material is approximated as fully dense under shock compressive loading in Regimes I and II, u is always non-negative, leading to J P 1. When the only mechanism that causes dilatation is separation of comminuted particles of mismatching geometry as they undergo relative sliding (see e.g., Curran et al., 1993 for illustrations), such dilatation could be labeled ''shear-induced'', though such a term is not used elsewhere in this paper to avoid misinterpretation. In the particular constitutive equation introduced later [Eq. (3.19) ] for this mechanism, u / c for pressures less than a critical crush pressure.
Though not necessary, dimensionless scalar damage measure D can be assigned a micromechanical basis via integration or summation over contributions of discrete cracks of various sizes (Grechka and Kachanov, 2006 ; Tonge and Ramesh, submitted for publication), e.g.,
where x k and l k are a number density per unit volume and total length, respectively, of discrete flaws of population k. If one considers a cubic volume element containing a single planar crack of length l, then D ! 1 at percolation where l equals the edge length of the element. However, this simple crack configuration is not representative of general fracture processes that take place during dynamic loading of heterogeneous polycrystalline materials, wherein percolation may occur when D as defined according to (3.2) attains a value different than unity. As such, (3.2) is not used directly in application of the model to shock loading in this paper; rather D is simply an internal state variable used to interpolate properties (e.g., degraded moduli) between the HEL (D ¼ 0) and attainment of the fully comminuted condition (D ¼ 1). While it may be possible to relate D to crack micromechanics in various ways such as in Deshpande et al. (2011 ), Rajendran (1994 , Rajendran and Grove (1996) , Curran et al. (1993) and Tonge and Ramesh (submitted for publication), additional model complexity and uncertainty in such relations would be expected to offset any possible physical insight that would emerge in the present application. Incorporation of damage tensors of higher order may be useful when crack distributions are strongly oriented; methods accounting for effects of such distributions on effective moduli have been developed elsewhere (Halm et al., 2002) but are not pursued here for two reasons: first, insufficient information regarding microcrack distributions occurring in situ during shock loading is not available in most cases (including shock of boron carbide studied subsequently herein); second, incorporation of higher-order damage tensors drastically complicates the model, requiring additional parameter fitting.
Porosity u may be nonzero in Regime III, with an equilibrium value at a particular Hugoniot state determined from competition between expansion driven by inter-particle slip and compaction driven by pressure. Herein, effects of porosity on tangent elastic moduli are implicitly included already via D, and any other explicit contributions of surface energy from cracks and voids are omitted in the thermodynamic potentials for simplicity, as is conventional in continuum damage mechanics models. The present application focuses on brittle solids in which dislocation motion and twinning deformations are negligible, and for which contributions of dislocation line energy and twin boundary surface energy to thermodynamic potentials do not change under shock loading; such an assumption appears reasonable for brittle boron carbide and quartz, but less so for alumina, for example, since twinning and slip have been observed in the latter (Clayton, 2009) . Attention is also restricted to an initially homogeneous sample, so dependence of properties on X is excluded.
Consolidating the above simplifying assumptions, the following ansatzes arise:
fng ¼ fD; u; cg; 
ð3:7Þ
In (3.6), C ab and C abc are isentropic second-and third-order elastic constants of the (poly) crystal in its undeformed state, and C a are initial Grüneisen parameters. Let G 0 ; B 0 , and B 0 0 denote an effective isotropic shear modulus, initial bulk modulus, and pressure derivative of the bulk modulus in the initial state. In (3.7), G 1 is the tangent elastic shear modulus of the fully comminuted material (some non-negative fraction of G 0 that can be fit to shear strength data in the granular flow regime), e 0 is the deviatoric (traceless) part of e, and C 0 is the scalar Grüneisen parameter for the isotropic solid.
The functional form of U 1 in (3.7) is chosen such that the isentropic pressure-volume equation-of-state (EOS) consistent with that of an isotropic solid described by third-order logarithmic elasticity is recovered under hydrostatic elastic loading [r ¼ Àp1; e ¼ 1 3
ðln JÞ1] (Poirier and Tarantola, 1998; Clayton, 2014a; Clayton, 2014b): 
Recall that M 0 is the deviatoric Mandel stress of (2.24), work conjugate to deviatoric inelastic deformation in (2.25). Also, G ¼ GðJÞ is a possibly deformation-dependent effective shear modulus defined later in (3.14) in the context of localization; G is set to a constant G 0 when localization is not included in the theory. The second, termed a thermodynamic criterion, presumes that transition from Regime I to Regime II at the HEL commences when normalized dimensionless conjugate thermodynamic force f to damage D attains a threshold value f H . From (3.4)-(3.7), the thermodynamic driving force for damage f is
abc Þe a e b e c ; ð3:10Þ
G 1 . Approximation (%) in (3.10) implies that the difference between isothermal elastic constants of the initial material and the comminuted material is the same as the corresponding difference between isentropic constants, and differences between Grüneisen parameters of initial and fully damaged states are omitted. Since specific heat is presumed independent of D, the latter approximation directly leads to the former, as can be verified by thermodynamic identities involving Maxwell's relations Clayton, 2013a) . In the application of Section 4, C a ¼ C 0 is invoked, and (3.10) becomes exact. For thermoelastic uniaxial strain loading in Regime I, defining logarithmic axial strain e ¼ ln F 11 ¼ ln J as negative in compression, and normalizing (3.10) by G gives
where e ¼ e H ¼ ln J H and f ¼ f H at the HEL. Nominally, G ¼ G 0 is assumed for normalization by a shear elastic constant in the above definitions. Stress-induced localization or amorphization (Chen et al., 2003; Clayton, 2012a; Clayton, 2013b) is incorporated in the criterion for fracture initiation by forcing effective shear modulus G used for normalization to instead depend on a measure of (in) stability:
Here, K is the minimum eigenvalue of the 6 Â 6 matrix (Voigt notation) ½B ab entering nonlinear elastic stability criterion (2.44) which depends uniquely on load parameter J for uniaxial shock loading up to the HEL, and K 0 is the minimum eigenvalue of initial elastic modulus C ab . Essentially, the effective shear modulus G decreases in magnitude as the material tends towards a Born-type instability. Specializing (2.52) to the present uniaxial strain conditions pertinent to planar impact, evolution of micro-crack density D is presumed to be driven by its conjugate thermodynamic force f in Regime II, again taking J as the load parameter:
Here, v is a dimensionless proportionality constant that is fit to Hugoniot stress data (normal and/or shear stress). For monotonic loading at a constant (presumably very high) strain rate, the following damage evolution equation linearly relating damage D accumulated in Regime II and cumulative normalized thermodynamic force Z is then derived:
ð3:16Þ
where approximations inherent in (3.10) apply. This damage evolution law, while benefiting from extreme simplicity, must be generalized if it is to be used for other loading protocols, e.g., those representative of Kolsky bar experiments at lower rates and pressures, or non-monotonic load-unload paths involving spall (Vogler and Clayton, 2008; Foulk and Vogler, 2010) . Regime II transitions to Regime III when D ¼ 1 according to (3.16), at which point J ¼ J G and e ¼ ln J G ¼ e G . For compression beyond this point, total deformation is no longer thermoelastic, i.e., F contains deviatoric inelastic deformation associated with granular flow and possible porosity change associated with dilatation/bulking. Evolution equations are thus required for inelastic shear c and porosity u entering (3.1). Again, transforming kinetic relations of Section 2.3 to constitutive relations applicable under monotonic high-rate loading representative of planar impact, a rate equation for F D ðcÞ is replaced with a yield condition:
Here, m is the normalized deviatoric part of the Mandel stress that may vary with deformation, m G is the constant value of m attained at the transition point J ¼ J G , a is a constant enabling strain hardening (a > 0) or softening (a < 0) with cumulative slip, and b is a constant when positive enabling a linear increase in strength with increasing Eshelby pressure p above p G ¼ pðJ G Þ, similar to Drucker-Prager plasticity (Tonge, 2014) . When a ¼ 0, yield criterion (3.18) is similar to that used in another recent granular flow model for ceramics and minerals (Tonge and Ramesh, submitted for publication; Tonge, 2014) , with the Kirchhoff stress of that work replaced here by the negative Eshelby stress (noting that
. Analogously, porosity evolution is depicted by the dynamic equilibrium dilatation-crush curve
Dilatation occurs when scalar a > 0, and p c is a constant consolidation pressure at and above which u ¼ 0. Relation (3.19) is a simple two-parameter model specialized to materials and loading regimes of current interest (brittle solids in the comminuted regime under shock compression); curves applicable to other materials and loading regimes may be found elsewhere (Herrmann, 1969; Carroll and Holt, 1972 ; Tonge and Ramesh, submitted for publication). Consider a material whose physical properties in the ambient state -initial mass density, elastic constants, Grüneisen constant(s), and specific heat -are known from standard measurments. The present model then requires knowledge of the following constants: 
Elastic precursor solution (Regime I)
A solution to the planar impact problem in Regime I, applicable only for shocks parallel to pure mode directions (i.e., no transverse wave propagation), can be obtained analytically following a derivation in Clayton (2014a) . This solution, which applies for shock loading to compressions up to the HEL, provides the elastic precursor or upstream state for shocks of strength exceeding the HEL that involve Regimes II or III in the downstream state, as discussed in Section 3.3. Essential details of the solution are given here; compete derivations can be found in Clayton (2014a) .
A shock wave is treated as a propagating surface across which there may exist jump discontinuities in mass density, particle velocity, strain, stress, entropy, temperature, and internal energy. Considered here are 1-D (i.e, planar or longitudinal) shocks. Quantities associated with material ahead of the shock are labeled with superscript +, behind with superscript À. In the analysis of Section 3.2, material ahead of the shock is at rest, undeformed, unstressed, and at ambient reference temperature h 0 ; these assumptions are relaxed in Section 3.3. The jump in an arbitrary quantity ðÁÞ across the shock is written sðÁÞt ¼ ðÁÞ À À ðÁÞ þ . The shock moves at steady natural velocity D > 0 in the X ¼ X 1 direction. The deformation gradient is Attention is restricted to compressive shocks, for which 0 < J 6 1. The only nonzero component of logarithmic strain e is e ¼ e À 11 ¼ ln J. Let P denote the usual first Piola-Kirchhoff stress tensor. The scalar ''shock stress'' or ''shock pressure'' is, positive in compression,
ð3:21Þ
Let q ¼ q À and t ¼ t À 1 be mass density and particle velocity in the shocked state. Rankine-Hugoniot equations for mass, momentum, and energy conservation are
In (3.24), the usual adiabatic assumption has been used.
In Regime I (no porosity, q 0 ¼ q), internal energy per unit refer- 
As shown in Clayton (2014a), expanding J and 1=J in series to order five in logarithmic strain e ¼ e 11 , writing NðeÞ as a polynomial with constant coefficients a 0 ; a 1 ; a 2 ; . . ., N ¼ a 0 þ a 1 e þ a 2 e 2 þ a 3 e 3 þ a 4 e 4 þ a 5 e 5 þ Á Á Á ð3:30Þ
internal energies U in (3.24) and (3.28) can be equated to obtain
ð3:32Þ Use of this result with the Hugoniot equations provides shock pressure, internal energy, particle velocity, and shock velocity in terms of e ¼ ln J ¼ ln
In the limit of low shock stress, D approaches linear elastic wave speed C 0 ¼ ðC 11 =q 0 Þ 1=2 , and P approaches isentrope
C 111 e 2 À Á .
Plastic wave solution (Regimes II and III)
In Regimes II and III, the material has undergone damage and possible inelastic deformation, and the governing equations and closed-form analytical solution of Section 3.2 does not apply. Rather, for a shock that is not overdriven, the state ahead of the shock corresponds to the HEL (with solution given in Section 3.2), and the state behind the plastic wave is determined as follows, extending derivations given in Clayton (2014a,b) to the new constitutive model of Section 3.1 of the present work.
Consider a continuous and initially homogeneous slab of material through which a planar shock (plastic wave) moves, in the x 1 -direction, with natural velocity D. As in Section 3.2, superscripts + and À label quantities in the material ahead and behind the shock, sðÁÞt ¼ ðÁÞ À À ðÁÞ þ , and define hðÁÞi ¼ 1 2 ½ðÁÞ À þ ðÁÞ þ . Let n be a unit normal vector to the planar shock, i.e., n ¼ @x=@x 1 . The only nonvanishing component of particle velocity is t ¼ t Á n. The
Cauchy stress component normal to the shock front is r ¼ r : ðn nÞ ¼ r 11 . The relative velocity of the material with respect to the shock is v ¼ t À D. Rankine-Hugoniot conditions for conservation of mass, momentum, and energy are (Germain and Lee, 1973) 
ð3:37Þ Shock velocity and particle velocity must be rectilinear in the x 1 -direction so that only normal traction is discontinuous, and adiabatic conditions are assumed. Using mass and momentum balances, the third of (3.37) can be rewritten as (Germain and Lee, 1973) sut ¼ hris1=qt () sUt ¼ hrisJt: ð3:38Þ
The downstream state is defined by variables ðt À ; q À ; r À ; u À Þ. Assuming that the upstream state and shock velocity are known, Rankine-Hugoniot conditions provide three equations for determining the downstream state. The full solution is obtained either by using another equation supplied by the constitutive model, or a fourth downstream variable such as particle velocity must be known a priori.
For application of the model in Section 4, J rather than D is applied as the loading parameter. Specifically, J is decremented incrementally from its value at J H at the HEL. For each decrement, solutions to the Rankine-Hugoniot relations and relevant constitutive equations from Section 3.1 are obtained simultaneously, with the upstream state defined by the solution derived in Section 3.2 at J H . The set of such solutions then provides complete stress states, entropy, internal energy, and temperature along the entire Hugoniot. It is again assumed that the shock is planar (i.e., x 1 is a pure mode direction of at least twofold symmetry .
First consider Regime II, wherein deformation is thermoelastic and F 11 ¼ F E 11 ¼ J ¼ expðeÞ is the only pertinent component of the deformation gradient downstream from the plastic shock. By definition, micro-cracking occurs during Regime II, leading to D > 0 for J < J H . The downstream state in Regime II is obtained by the following sequence of calculations. First, given J, (thermoelastic) strain component e is obtained. Next, damage variable D is obtained directly using (3.16) with (3.17). Internal energy U in (3.4)-(3.7), as well as stress r ¼ ÀP, depend on the value of N in the shocked state; this value is obtained through implicit solution of energy balance (3.38) via numerical iteration. With internal energy and stress now fully determined, plastic shock velocity D and downstream particle velocity t À can be obtained from the Hugoniot equations for mass and momentum conservation [i.e., the first two equations in (3.37)], leading to (Molinari and Ravichandran, 2004) 
The downstream state is now fully known; stress and temperature obey (2.49). The complete solution proceeds along the Hugoniot with decreasing J until condition D ¼ 1 is met, at which point J ¼ J G corresponds to transition to Regime III. Now consider Regime III, wherein deformation is no longer purely thermoelastic. The full decomposition in (3.1) applies, with generally nonzero inelastic shear (mode II fracture/slip) quantified by c and inelastic volume change (porosity) quantified by u. Both of these inelastic deformation variables are determined in the analysis. Crack density D ¼ 1 and requires no further calculation since crack growth is treated as irreversible; i.e., dD P 0 as dJ 6 0 throughout the compression process. The solution procedure in Regime III essentially follows that outlined in Clayton (2014a,b) , augmented to account for porosity that was not considered in prior work. For each load increment, granular flow yield criterion (3.18), dilatation evolution law/crush curve (3.19), and energy balance (3.38) are solved iteratively and concurrently for c; u, and N. The full nonlinear elastic model of Sections 2.3,2.4 and 3.1 with U ¼ U 1 is necessarily invoked for determination of internal energy, free energy, and various stress and pressure components that implicitly enter these three equations. Because of the attendant complexity, no closed-form solution can be written in explicit form. With the thermodynamic state now determined in Regime III, (3.39) can again be used to calculate shock speed and particle velocity.
Application: boron carbide polycrystal
The constitutive model and planar shock solutions described in Sections 2 and 3 are applied to boron carbide polycrystals in Section 4. Discussed in turn are particular aspects of the material model and associated properties, and solutions for isotropic and anisotropic (poled) ceramics, the latter shocked along the poling direction.
Material model and properties
Single crystals of boron carbide (nominally B 4 C) have rhombohedral (i.e., trigonal) symmetry. The polycrystalline ceramic manufactured by conventional means (e.g., hot pressing by Cercom) is isotropic, with grain sizes on the order of 15 lm and mass density q 0 approaching the theoretical maximum (i.e., negligible initial porosity) (Dandekar, 2001; Vogler et al., 2004) . Shock data on planar impact of isotropic boron carbide polycrystals are available from Dandekar (2001) , Bourne (2002) , Vogler et al. (2004) , Zhang et al. (2006) and Grady (2010) . More recently (Grasso et al., 2011) , an anisotropic polycrystalline form of boron carbide has been manufactured and subjected to crystallographic characterization, electrical and thermal conductivity tests, and indentation loading, the latter yielding modulus, hardness, and fracture toughness values normal and parallel to the poling direction. The microstructure of this textured material, produced by poling in a strong rotating magnetic field, consists of grains with c-axis ([0 0 0 1]) aligned closely to the same (poling) direction, resulting in an anisotropic polycrystalline aggregate with transversely isotropic symmetry. Shock experiments have apparently not been reported for the poled ceramic or for single crystals of B 4 C.
Properties entering the constitutive model are listed in Table 1 , corresponding to room temperature (h 0 ¼ 295 K). Density, elastic constants, Grüneisen's parameter, and specific heat are obtained from the experimental literature (Dandekar, 2001; Dodd et al., 2002; Vogler et al., 2004) . Volume J H and shock stress P H at the HEL are representative of a number of plate impact experiments (Dandekar, 2001; Vogler et al., 2004) . Note that of the nine thirdorder elastic constants listed in Table 1 , only three are independent for the isotropic solid. These are determined uniquely from available pressure derivatives of ambient bulk and shear moduli (B 0 0 and G 0 0 from Dodd et al. (2002) ) and knowledge of the longitudinal stress at the HEL, using equations derived in Clayton (2014b) . Only two (i.e., B 0 and G 0 from Vogler et al. (2004) ) of the five secondorder constants are independent for the isotropic solid.
Elastic constants for the anisotropic polycrystal are obtained from consideration of those of the polar CBC polytype (Taylor et al., 2011; Taylor et al., 2012; Clayton, 2012a; Clayton, 2013b) , with structure formula B 11 C p ðCBCÞ. This polytype is thought most thermodynamically stable (i.e., lowest ground state energy) and most abundant (Fanchini et al., 2006) . Transverse isotropy is obtained from trigonal symmetry by setting C 14 ¼ 0, with the nine independent nonzero third-order constants reported in Clayton (2013b) and repeated in Table 1 already fulfilling the requisite symmetries . Since Grüneisen's parameters have not been reported for anisotropic polycrystals or single crystals, the same value of C 0 is used for isotropic and anisotropic forms, omitting a possible difference for directions parallel and perpendicular to [0 0 0 1] in the poled ceramic. Though not undertaken here, anisotropic Grüneisen's parameters could be calculated using anisotropic elastic constants and anisotropic thermal expansion coefficients reported in Pilladi et al. (2012) . For the anisotropic case, an initial rotation of 90°about the X 2 axis is used to bring the [0 0 0 1] direction parallel to shock loading direction X 1 such that C 33 ! C 11 , etc.
Essential parameters for evolution of damage (micro-cracking), inelastic deformation, and porosity are obtained as follows.
Parameter v in (3.15) and (3.16) is calibrated to experimental data (Vogler et al., 2004) on loss of shear strength of the isotropic ceramic applicable to Regime II of the model. Similarly, parameter G 1 describing the elastic shear modulus of the fully comminuted ceramic is obtained via calibration to experimental shear strength data (Vogler et al., 2004) applicable in Regime III (granular flow), taking a ¼ b ¼ 0 in (3.18). Sufficiency of such parameterization will become clear later in the context of Fig. 2(b) . In the absence of shock data for poled boron carbide, values for the anisotropic ceramic are chosen identically to those for the isotropic form. Since in situ measurements of porosity are not available for shock compression, two sets of parameters entering (3.19) are investigated.
Setting a ¼ 0 and p c ¼ 10 GPa (the latter used in Tonge (2014) , which is less than the pressures encountered in Regime III that exceed 35 GPa) results in null porosity. Setting a ¼ 1 and p c ¼ 60 GPa results in non-negligible equilibrium porosity in that subdomain of Regime III wherein the consolidation pressure is not exceeded; effects of this porosity are investigated later in the context of Fig. 3. 
Results: shock compression
Model predictions for the fully dense, isotropic polycrystalline material are compared with experimental plate impact data (Vogler et al., 2004) in Fig. 2 . Shock stress P, Cauchy pressure p, and maximum shear stress s can be found in terms of Cauchy noting that principal stress components are longitudinal stress r 11 and lateral stresses r 22 ¼ r 33 . Agreement between model and experiment is deemed close overall, with a few discrepancies. In Fig. 2(a) , model and experiment agree well with regards to P except at J ¼ V=V 0 % 0:92, where P is slightly underpredicted, and at J % 0:80, where P is slightly overpredicted. In Fig. 2(b) , agreement is close except for three data points at large compression J < 0:9, wherein fluctuating relatively low experimental values of s are exceeded by the model. Also shown in Fig. 2(a) are Cauchy pressures predicted by the model (shock compression) and the isentropic logarithmic equation-of-state (EOS) of (3.8). Predictions of the former slightly exceed those of the latter as a result of entropy production and greater temperature rise under shock loading.
Values of volumetric compression, longitudinal stress, and shear stress are listed for reference in Table 2 corresponding to key points along the Hugoniot, as first introduced in the context of Fig. 1(b) . Specifically, subscript H corresponds to the HEL (D begins to accumulate), P to the state of peak shear strength (maximum s on the Hugoniot), and G to the onset of granular flow wherein D attains a value of unity. Regimes I-III are demarcated by states H and G, while state P falls within Regime II. All listed results correspond to the model with a ¼ 0 (fully dense); anisotropic and isotropic predictions are discussed in detail later.
Effects of porosity change u on shock stress are investigated in Fig. 3(a) , which compares isotropic model predictions without flow-induced dilatation [a ¼ 0 in (3.19) ] to those with dilatation [a > 0 and p < p c in (3.19)]. State variables for micro-crack density D, porosity u, deviatoric inelastic deformation c, as well as normalized Eshelby pressure p are shown for the latter case (a ¼ 1 and p ¼ 60 GPa) in Fig. 3(b) , which should be read from right to left.
Damage D increases smoothly and monotonically from 0 to 1 as J decreases from J H to J G in Regime II; this result is identical regardless of the choice of a which only affects the response in Regime III. Slip c increases monotonically in Regime III with decreasing J < J G , while pressure p increases monotonically over the entire deformation process (J < 1). Dilatation u first increases with increasing c, plateaus near 1 2 %, and then decreases to zero as p ! p c according to (3.19) . From Fig. 3(a) , nonzero porosity leads to increases in shock stress P in Regime III relative to the fully dense case for pressures less than the consolidation pressure. It was found that the effect on P is primarily manifested by increases in pressure p; because inclusion of porosity can lead to only minor improvement in predictions compared to data (Vogler et al., 2004) and requires a significant increase in model complexity with two additional, poorly constrained parameters (a and p c ), subsequent results consider only the case with a ¼ 0 and u ¼ 0, consistent with the low consolidation pressure of 10 GPa for static compression of boron carbide powder used in Tonge (2014) (Table 1 of this paper) . Model results for anisotropic and isotropic boron carbide polycrystals are compared in Fig. 4 . All results for the anisotropic material correspond to shock loading along the poling direction, i.e., parallel to [0 0 0 1], which is a pure mode direction in transversely isotropic solids. Those corresponding to mechanical failure criterion invoke m ¼ m H according to (3.9). Those corresponding to thermodynamic failure criterion invoke f ¼ f H of (3.12) and (3.13). From the isotropic model results at the HEL,
. One of these values is then used in each corresponding anisotropic model; results for the isotropic theory are identical regardless of failure criterion since the HEL is taken as fixed to match experimental data of Vogler et al. (2004) . Longitudinal stress and shear stress are reported in Fig. 4 (a) and (b), respectively. Regardless of failure criterion, the anisotropic material is predicted to be stiffer in the thermoelastic regime up to the HEL (Regime I) with a higher peak shear strength (Regime II, s P in Table 2 ) than the isotropic material. Longitudinal stresses are nearly identical in Regime III, and shear strength of the anisotropic material is slightly lower in Regime III. Peak shear stress is slightly larger for the thermodynamic criterion relative to the mechanical criterion, but trends in results are the same regardless of failure model for the anisotropic case. Micro-crack density evolution shown in Fig. 4(c) is similar for all cases, with D initiating at lower compressive strain (larger J H ) for the anisotropic material. Analogously, inelastic deviatoric strain measure c evolves similarly for isotropic and anisotropic materials, with curves for the anisotropic cases simply shifted to the right relative to the isotropic case in Fig. 4(d) . All results show a characteristic kink in c versus J which is a natural outcome of yield criterion (3.18). Adiabatic temperature rise shown in Fig. 4(e) demonstrates similar trends for all three sets of results: a small temperature increase in thermoelastic Regime I due to thermoelastic coupling; a steeper temperature rise in fracturing Regime II due to dissipation commensurate with increasing D; and further increasing temperatures in Regime III due to entropy production from inelastic deformation (plastic work associated with frictional resistance to granular flow). Effects of allowing nonlinear elastic (in) stability to influence failure of the material are explored in Fig. 5 . As discussed in Sections 1 and 3.1, in boron carbide localization is associated with transformation to an amorphous phase, leading to potential loss of strength under impact loading (Chen et al., 2003; Subhash et al., 2008; Grady, 2011; Clayton, 2012a Clayton, , 2013b . According to the model of Section 3.1, when localization softening is invoked, then the scaled shear modulus G of (3.14) is used in (3.12) and (3.13). Otherwise, as in results of Fig. 4 , G ¼ G 0 is used for normalization of thermodynamic driving force f in the failure criterion indicating transition from Regime I to Regime II. Results for the isotropic material are unchanged if localization is assumed to influence failure: f H is simply rescaled by G 0 =GðJ H Þ such that the isotropic model still predicts yielding at the experimentally measured HEL, as it should. Results in Fig. 5 correspond to the thermodynamic failure criterion; similar trends were calculated using the mechanical criterion with localization invoked (not shown). For the isotropic material, the nonlinear elastic prediction gives Kð0:960Þ=K 0 ¼ 0:866. For the anisotropic material, the prediction is Kð0:971Þ=K 0 ¼ 0:665 at its HEL. Therefore, the latter (poled anisotropic polycrystal) demonstrates a stronger tendency for localization or stress-induced amorphization than the isotropic polycrystal. As shown in Fig. 5 (a) and (b), longitudinal stress is reduced slightly and shear stress is reduced more significantly when the localization model is invoked, relative to the anisotropic prediction without localization effects. From Table 2 , consideration of localization leads to a lower HEL (15.2 versus 17.9 GPa) at larger volume ratio (0.971 versus 0.965). Influences of amorphizationaffected failure on damage evolution and temperature are nearly negligible in Fig. 5 (c) and (d).
Discussion
The model implemented herein for shock compression of isotropic boron carbide includes only two essential fitting parameters: v, dictating the rate of damage accumulation with volume reduction, and G 1 , dictating the strength (effective shear modulus) of the comminuted state. As explained in Section 3.1, evolution laws for failure, fracture, and inelasticity have been motivated by thermodynamic arguments and invoke appropriate thermodynamic driving forces derived for general deformations and stress states in Section 2. This formal approach to constitutive model development replaces potentially ad hoc prescription of model features and eliminates excessive parameter fitting. In the absence of shock data on anisotropic boron carbide, the same parameters have been used for isotropic and anisotropic materials when necessary, with the former fit to available data on the isotropic ceramic (Vogler et al., 2004) .
Performance of a ceramic material in applications requiring resistance to dynamic penetration can be quantified by considering the material's shear strength (Curran et al., 1993; Espinosa, 1995; Bourne, 2008) and ductility (LaSalvia, 2002; LaSalvia and McCauley, 2010; McCauley et al., 2012) . Taking the point of peak maximum shear stress (subscript P for quantities in Table 2 ) as representative (Regime II), J P and s P can be considered as performance metrics for ductility and strength, respectively. Results deemed most relevant in Table 2 are written in bold font to facilitate comparison. Observe that poling (anisotropy) results in a predicted decrease in ductility (larger J P ) and increase in strength (larger s P ) when the material is shocked parallel to the poling direction, relative to results for the isotropic ceramic. If localization weakening is invoked in the model, a further decrease in ductility is predicted along with a decrease in s P , though peak strength still exceeds that of the isotropic polycrystal (7.77 versus 7.14 GPa). Impact experiments (e.g., plate impact or terminal ballistics as in Moynihan et al. (2002) and Chen et al. (2003) ) combined with characterization of recovered material to quantify the degree of amorphization are recommended for poled boron carbide. Results of such experiments, when considered in conjunction with results of the present modeling effort, should provide further insight into interrelationships among texturing, localization, fracture, and strength.
Values of all quantities in Table 2 are predictions of model calculations rather than input parameters, with exceptions of J H and P H for the isotropic material obtained from experiment (Vogler et al., 2004) that are used to calibrate the transition from Regime I to Regime II (i.e., the HEL state corresponding to the onset of damage evolution), and s G for the isotropic solid that implicitly enters the calibration process for the reduced shear modulus G 1 in Regime III. Such calibrations have been explained for boron carbide in Section 4.1. In particular, peak values of longitudinal stress, shear stress, and compressive deformation (P P ; s P ; J P ) are all predicted rather than prescribed; these quantities do not explicitly enter any of the constitutive equations, nor are they used to fit any model parameters. The ductility measure introduced here, J P , decreases in magnitude with increasing axial strain achieved at the point of peak shear stress on the Hugoniot, prior to load collapse associated with greater progression of damage manifested by stronger shocks. It is suggested that penetration resistance might be related to this measure by analogy with previous studies that link ballistic performance with alternative ductility measures obtained from indentation experiments or micromechanical analysis (LaSalvia, 2002; LaSalvia and McCauley, 2010) . Although quantitative validation of the present shock results for the poled ceramic is not possible in the aforementioned absence of data, some comparison can be made with available results of indentation experiments (Ghosh et al., 2007; Subhash et al., 2008; Grasso et al., 2011) and ballistic testing (Chen et al., 2003; LaSalvia et al., 2007; LaSalvia and McCauley, 2010) . In Ghosh et al. (2007) and Subhash et al. (2008) , static and dynamic indentation experiments on isotropic boron carbide polycrystals are compared. Dynamic indentation was found to produce greater tendency for amorphization, and more profuse micro-cracking under the indenter, than static indentation. Therefore, the assumption used herein that damage D is accelerated by localization/ amorphization appears valid. In Grasso et al. (2011) , localized bands of amorphous material were observed for indentation on surfaces with normal vectors parallel to the poling direction, but not on transverse/lateral surfaces. This result is consistent with the present model predictions that elastic instability and localization are favored for shock deformation along the poling direction in the anisotropic material. Furthermore, elastic stiffness and hardness were reported as larger for indentation parallel to the direction of poling (c-axis), in qualitative agreement with the greater longitudinal and shear stiffness observed in Regime I for the anisotropic model versus that of the isotropic model [ Fig. 4(a) and (b) ]. In LaSalvia et al. (2007 LaSalvia et al. ( , 2010 , cross-sections of recovered boron carbide specimens subjected to impact by hard spherical projectiles revealed localized deformation zones of highly fragmented material with widths of such zones on the order of 10 lm and fragment sizes on the order of 100 nm. At the tips or fronts of such bands, the presence of nm-scale domains of amorphized material was inferred from Raman spectra, suggesting that amorphization is a catalyst for subsequent shear fracture and comminution at the micron scale. The tendency for localization increased with increasing impact velocity.
Characterization, often via Transmission Electron Microscopy (TEM), of zones of amorphous material in boron carbide-whether induced by static or dynamic indentation (Ghosh et al., 2007; Subhash et al., 2008; Domnich et al., 2011; Reddy et al., 2013) , scratch testing (Ge et al., 2004) , or ballistic impact (Chen et al., 2003; LaSalvia et al., 2007; LaSalvia and McCauley, 2010 ) -has consistently revealed morphologies consisting of layer(s) or lamellae of glassy phase of thickness ranging from 1 to 10 nm, in some cases verified to be aligned with preferred directions in surrounding crystalline material. Reproduction of such morphologies (i.e., sizes and shapes of glassy domains) would serve as a useful validation test for constitutive models of amorphization capable of resolving such nanometer-scale features within individual grains and in the vicinity of grain boundaries and discrete cracks, for example phase field theories (Clayton, 2014e; Clayton and Knap, 2011 , 2014 , 2015 . In contrast, the model developed herein is intended to represent the homogenized response of polycrystalline aggregates (albeit possibly textured and anisotropic), wherein each material point or local volume element consists of thousands or more crystals, with edge dimensions on the order of tens of microns to several mm. Furthermore, particular regimes of behavior and associated constitutive relations developed in Section 3 and implemented for boron carbide in Section 4 are limited to dynamic monotonic loading. The analytical-numerical solution scheme for the Rankine-Hugoniot equations and constitutive model used to obtain results in Section 4 is specialized to one-dimensional loading via planar elastic-plastic shocks. Equations governing the amorphization component of the model as described in Section 3.1, though based on prior nonlinear elastic (Clayton, 2012a) and DFT (Taylor et al., 2011 (Taylor et al., , 2012 calculations of Born-type instabilities in boron carbide, are likewise somewhat specialized herein to conditions of shock or high rate dynamic loading.
An expectation that the present polycrystal model with a maximum resolution (minimum element size) on the order of tens of microns could reproduce amorphous zones of nm dimensions observed in experiments would be physically unrealistic. Such an expectation would be analogous to expect a macroscopic (e.g., Mises-type) continuum plasticity model to resolve individual dislocations and stacking faults, or to expect a macroscopic continuum damage mechanics theory (e.g., Rajendran, 1994; Deshpande et al., 2011) to resolve individual wing cracks or individual penny cracks. On the other hand, it is reasonable to expect a larger-scale model of the present sort to predict the onset of amorphization and localized failure within a polycrystalline volume element given initial conditions and a deformation state or deformation history for that element, and to predict, with reasonable accuracy, the corresponding strength loss of an element within which amorphization and localization occur. In the present application, the model should be further expected to predict any variations in onset of strength loss associated with structural transformation that depends on texture/poling. Quantitative comparisons of model and experiment proceed as follows. For static (isotropic Ghosh et al., 2007 , anisotropic Grasso et al., 2011 or dynamic (Ghosh et al., 2007) indentation, axial stress is estimated as the mean contact pressure (i.e., Vickers hardness) P % H V . For ballistic impact of armor piercing (AP) projectiles at incident velocity V I , the following approximation is used (verbatim from Moynihan et al., 2002 ; see also Zukas et al., 1992; Chen et al., 2003) :
ð4:2Þ Subscripts 0 and 1 denote ambient properties of boron carbide and the projectile core (tungsten carbide here Moynihan et al., 2002) , C is the longitudinal elastic wave speed, and transition incident velocities span 780 6 V I 6 950 m/s. For ballistic impact of a spherical projectile, the following implicit relationship from LaSalvia et al. (2005) is used:
In this case, Y 0 is the compressive yield strength of the ceramic (7.3 GPa LaSalvia et al., 2005) , subscript 1 corresponds to cemented tungsten carbide-cobalt (LaSalvia et al., 2007) , and E and m are elastic modulus and Poisson's ratio. Incident velocities for the onset of amorphization-facilitated localization range from 209 < V I 6 312 m/s (LaSalvia et al., 2007) . Applying the present theoretical model for nonlinear elasticity with thermodynamic criteria for failure and amorphization of Section 3.1, uniaxial strain conditions are assumed with axial stress P ¼ Àr 11 . Considered are both isentropic and isothermal compression, with resulting stress up to the onset of instability nearly identical to that of the shock compression solution described in Section 4.2, recalling that instability corresponds to the HEL in the shock calculation. Since the localization and failure model of Section 3 is specialized to dynamic loading, the present calculations are most valid for dynamic compression, whether isentropic or isothermal; however, the predicted elastic response up to the onset of damage for the isothermal case would presumably provide a better comparison with static data than would the isentropic case. For isothermal compression, second-order elastic constants C h ab are related to their isentropic counterparts C ab via (Clayton, 2011: see Table 3 ):
ð4:5Þ
Third-order elastic constants are not known with sufficient accuracy to warrant distinction among isentropic and isothermal versions, as is often the case for crystalline solids (Clayton, 2013a) . The present calculations consider the isotropic boron carbide polycrystal and the anisotropic polycrystal loaded along the poling direction (i.e., [0 0 0 1], a pure mode direction as considered previously in Section 4.2 for shock compression) and loading along the direction of transverse symmetry (i.e., normal to [0 0 0 1], also a pure mode direction, not considered previously).
Results -experimental and modeling -are compared in Table 4 . As noted in LaSalvia and McCauley (2010) , the uniaxial strain assumption has been used elsewhere for approximating the stress state experienced by the ceramic at the impact site for ballistic loading. Comparison of the loss of shear strength at and above the HEL in plate impact (uniaxial strain) with instability in ballistic impact (AP projectile) has also been invoked elsewhere (Chen et al., 2003) . Concepts from Hertzian indentation have been invoked in derivation of the spherical impact Eqs. (4.3) and (4.4) (LaSalvia et al., 2005) . Thus comparisons among values of mean compressive stress P for indentation, ballistic impact loading, and uniaxial strain loading are thought to be reasonably valid here, with the caveat that local stress distributions can differ among particular loading protocols. Static hardness values for isotropic (Ghosh et al., 2007) and anisotropic (Grasso et al., 2011 ) B 4 C should not be compared directly because the much higher hardness values of the latter might be attributed to differing microstructural characteristics other than texture.
The following trends evident from Table 4 provide confidence in the theoretical model applied in the present work to describe amorphization, localization onset, and subsequent strength loss in compressed boron carbide:
For the isotropic polycrystal, minimum transition stresses P for amorphization and localization observed in dynamic indentation experiments, ballistic impact experiments, and dynamic uniaxial compression predictions are approximately equal, with values of 18-19 GPa. For the anisotropic polycrystal, in model results and static indentation experiments, the transition stress is lower for compression along the poling direction than for compression along the transverse direction, i.e., amorphization is more likely for compression along [0 0 0 1].
It is noted however, that static hardness measured experimentally exceeds dynamic hardness, with a tendency for more profuse amorphization and micro-cracking observed in the latter (Ghosh et al., 2007; Subhash et al., 2008) . Differences between model predictions invoking isothermal and isentropic elasticity are slight and unable to explain the discrepancy. Therefore, restriction of the present implementation to dynamic loading is prudent, suggesting that the present theory be extended to include rate dependent kinetics for localization and failure for use with confidence across the quasi-static and dynamic regimes. The present authors are aware of no other model that definitively explains/predicts static hardness exceeding dynamic hardness, though the phenomenon may be related to amorphization.
Conclusions
A new constitutive model has been developed to describe the thermomechanical response of brittle solids such as ceramics, rocks, and minerals. Novel features of the present theory include simultaneous consideration of finite deformation, nonlinear anisotropic elasticity, shear-induced dilatation, and possible localization-enhanced failure associated with intrinsic elastic instability. Governing equations and thermodynamic derivations have been framed in the locally relaxed (generally anholonomic) intermediate configuration of the body, which serves as the evolving reference state for instantaneous thermoelastic response. Motivated by thermodynamic arguments, the general framework has been specialized to address elastic-plastic shock loading along pure mode directions. Shock loading takes the material through up to three regimes: elastic (Regime I), fracturing (Regime II), and comminuted/granular flow (Regime III). Emphasis on thermodynamic consistency and simplicity results in a model with a minimum of two fitting parameters associated with degradation of the material's integrity and shear strength in Regimes II and III. Generalization of the model for solution of problems with more complex boundary conditions, for example as may be approached using finite element methods, remains a priority for future work.
The model and its method of solution for planar shocks has been applied to study the dynamic response of polycrystalline boron carbide ceramic. Results for the isotropic material and for a poled anisotropic material (shocked along the axis of transverse isotropy) have been compared. Key results are summarized as follows. The two-parameter model demonstrates close agreement with plate impact data for longitudinal and shear stress in isotropic boron carbide. Incorporation of porosity in Regime III (which requires two additional nonzero parameters) leads to a pressure increase; porosity must remain small ( K 1%), if it exists at all in the comminuted state at large shock pressures, such that sufficient agreement with experimental data is maintained. Physically motivated criteria for damage initiation based on shear stress (mechanical) and thermodynamic driving force result in similar trends in results. Predicted elastic stiffness (Regime I) and peak shear strength (Regime II) of the anisotropic ceramic exceed those of its isotropic counterpart, while behaviors of the granular medium in Regime III are nearly the same regardless of initial material symmetry. Ductility -quantified here in terms of volumetric deformation at the state of peak shear stress in Regimes I/II -is predicted to be lower for the anisotropic material than the initially isotropic polycrystal. Localization associated with amorphization and nonlinear elastic instability is predicted as more likely for the anisotropic material shocked along the poling direction than the isotropic material. Localization leads to a lower HEL attained at less uniaxial strain (i.e., lower ductility), though the peak shear strength of the anisotropic polycrystal is still predicted to exceed that of the isotropic ceramic even when localization-promoted failure is invoked in the model.
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